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TOM TAT

Tam/vo 1a cac két cau phd bién trong cude sdng thuc té, chiung duoc dung
lam mai che, san, tuong, xilo, bé chura,... Trong sé cac phuong phap ding dé mo
phong ciing nhu phan tich tmg xir co hoc ctia tim/vo, phuong phép phan tir hiru
han (FEM) 1a phuong phéap dugc sir dung rong rai va hiéu qua nhét. Véi su xuat
hién lién tuc céc bai toan phirc tap m&i, FEM van ton tai nhitg kho khan nhat
dinh lién quan dén chi phi tinh toan, tinh linh hoat, k¥ thuat roi rac phén tu, tinh
6n dinh, d6 chinh x4c,... Vi vay, viéc kién nghi nhitng cai tién k¥ thuat cho FEM
hién hitu trong mé phong tng xir tim/vo lubn gitr vai trd quan trong. Huéng
nghién ctru ndy ludn thiét thuc, mang tinh thoi su tir nhidu thip ky qua dén tan
bay gid. Véi mong mudn lam da dang thém nira, tao ra thém nhiéu phan tir lai,
tich hop tir nhitng wu diém cua cac phan tir hién hitu, luan an nay da dugc hinh

thanh. Bén canh d6, muc tiéu cua nghién ctru 1a tao nén mét tap hop cac phén t

ttr gidc 4 nit don gian trong thiét 14p cong thire dung cho phan tich tim/vo, cang

it bi anh hudng boi cac hién tuong khoa mang, khoa cit, ... cang tdt. Cac dong
g6p chinh cda luén an:

- Xay dung phan tir tr gidc 4 niit SQ4H dya vao ky thuat tron bién dang trén
mién con két hop k¥ thuat cai bién dang C>-HSDT d¢é phan tich phi tuyén két
céu tAm phang va tdm gip. Phan tir ndy cai thién d6 chinh xac ctia mé hinh va
giam bat sy bat on vé s6 ddi voi phan tich hinh hoc phi tuyén tinh.

- Xay dung phan tir tir gidc 4 ntit SQ4T dua vao k¥ thuat ndi suy kép (TIS) ding
nghién ciru tmg xir tuyén tinh va phi tuyén cta két ciu tim/vo. Véi viéc xdy
dung ham ndi suy bac cao dya vao gia tri nit 1an gradient trung binh nit trong
pham vi mién anh hudng, phan tir nay cai thién dugc yéu to bat lién tuc cua
bién dang va g suét qua bién cua no.

- Xay dung phan ti tir giac 4 nat SQ4C duya trén k§ thuat t hop bién dang: mang,
ubn va cit dé phan tich tuyén tinh két cau tim/vo ¢ hodc khong cé suon gia
cuong. Phan ttr nay cai thién dugc d6 chinh xac cuia mo6 hinh va giam bdt su
bat 6n vé két qua s6 lién quan dén hién twong khoa mang khi phan tich két cau

vo.



- Xay dung phan tir t gidc 4 nat SQ4P dua trén chudi da thirc Chebyshev dé

phan tich tuyén tinh két cu dang tam/vé. Nhiing két qua sé duoc cai thién dya

vao ludi chia 1an bac cua da thirc Chebyshev.

- SQ4H
- SQ4T
- SQ4C
- SQ4P
- FEM

- FGM
- FGP

- GPLs
- P-S

- PA

- P-U

DANH SACH CAC CHU VIET TAT
The Sort of Q4 element based on Higher-order shear deformation theory
The Sort of Q4 element based on Twice interpolation strategy
The Sort of Q4 element based on Combined strain strategy
The Sort of Q4 element based on Chebyshev Polynomial
Finite Element Method
Functionally Graded Material
Functionally Graded Porous
Graphene PlateLets
Symmetric Porosity distribution
Asymmetric porosity distribution
Uniform Porosity distribution

- GPL-S Graphene PlateLet Symmetric distribution

- GPL-A Graphene PlateLet Asymmetric distribution
- GPL-U Graphene PlateLet Uniform distribution

- TIS
- FSDT

Twice interpolation strategy
First-order Shear Deformation Theory

- HSDT Higher-order Shear Deformation Theory
- HBQ8 8-node Quadrilateral Assumed-Stress Hybrid Shell element
- KUMBA 8-node Curved Shell element with Reduced Integration

MO PAU

1. Ly do lwa chon dé tai

Viéc xuét hién lién tuc nhitng bai toan phirc tap mai (vi du vat liéu mdi, diéu

kién bién chinh xac hon, hay diéu kién tuong tac phuc tap hon, ...), FEM van

con d6 nhitng khé khan nhét dinh lién quan dén chi phi tinh toan, tinh linh hoat,



k¥ thuat roi rac phan ti, tinh 6n dinh, d6 chinh x4c,... Vi vy, viéc dé xuat cac
cai tién ky thuat cho FEM hién hitu trong mé phong mg xtr cac két ciu dang
tam/vo ludn giit vai tro rat quan trong.
2. Nhiém vu ciia dé tai

Phét trién cac k¥ thuat phan tir hiru han dung dé nghién ciru ing xir két cau
dang tAm/vo.
3. Poi twong va pham vi nghién ciru
- P6i twong: Két cau dang tim/vo
- Pham vi nghién ctru: Phan tich udn tinh, dao dong tu do, 6n dinh cua két cau
dang tam/vo dua vao céc k¥ thuat dugc phat trién.
4. Huwéng tiép can va phwong phap nghién ciru
- Nghién ctu Iy thuyét
- Phat trién k¥ thuat phan tir hiru han
- Lap trinh md phong s6
- Phan tich va danh gia két qua.
5. Y nghia khoa hoc va thuc tién ciia dé tai nghién ciru

Luan an phat trién cac k¥ thuat tinh toan can thiét hién nay khi ma nhiing k¥
thuat tinh toan ngay cang duoc ing dung cao trong thuc tién voi cac ddi tuong
1a két cAu tAm/vo trong k¥ thuat. Tir cac két qua nghién ctru ctia luan an, cac phan
tir d& xuat ¢ thé dugc tich hop vao cac module tinh toan ciia cac phan mém hién
hitu.
6. Céu triic so lwge

Luén an bao gdm: Mé dau; Chuong 1: Tong quan; Chuong 2: Co sé 1y thuyét;
Chuong 3, 4, 5 va 6: Cac phan tir SQ4H, SQ4T, SQ4C va SQ4P; Chuong 7:
Danh gi4 sai s6 chung giita cdc phan tir, Chuong 8: Két luan va hudng phat trién

kém theo Danh muc tai liéu tham khao va Danh muc céc cong trinh cong bd.



Chwongl1l  TONG QUAN

Tam/vo 1a cac két cau phd bién trong cude song thuc té, chung duoc ding
lam méi che, san, tuong, xilo, bé chira,..., Hinh 1.1 [1-3]. Trong sb cac phuong
phap ding dé mo phong ciing nhu phan tich tng xir co hoc ciia tim/vo [4-144],
phuong phap phan tir hitu han (FEM) 1a phuong phép dugc sir dung rong réi va

hiéu qua nhat.

Meiit trung hoa
1D il D

Hinh 1.1: Két cau 1D, 2D va 3D
Lu4n 4n nay tién hanh xay dung mot tdp hop cac phan tir tr giac 4 nut don
gian trong thiét 1ap cong thirc ding cho phan tich tim/vo: SQ4H, SQ4T, SQ4C
va SQ4P. Luan an bao gém 8 chuong kém theo danh muc céc bai bao cong bd
va tai liéu tham khao.

Chwong2 COSOLY THUYET

Vat liéu sir dung: Vat lidu ddng huéng co ban [1-4, 6, 7], V4t liéu composite
[5, 21, 22, 38, 65], vt lidu phan 16p chirc ning FGM [66-74] va vat liéu x6p phan
16p chltc nang FGP (P-S, P-A, P-U) c6 gia cuong GPLs (GPL-S, GPL-A, GPL-U)
[68-82, 141, 142].

Ly thuyét tamlvé: FSDT va HSDT [2, 65, 108, 116, 119, 123].

Cong thize phan tir hitu han: Trén co s6 [4, 5, 35], cong thire dang yéu cho
phan tr mang ti gidc ding tham sd, phan tir tim udn bén ndt c6 ké dén bién
dang cit, két hop suy ra phan tir vo tir gidc phang bén ndt nhu Hinh 2.15, 2.16 &
2.17. duoc thé hién trong luan an.



Chiéu day h . i 7
Mat phang chiéu -

Hinh 2.17: Phép chiéu xuéng
mat phang trung hoa

Hinh 2.15: Phan tir mang
tir gidc dang tham s6

Hinh 2.16: Phan tir tim ubn

Chuong 3 PHAN TU SQ4H
Ly thuyét bién dang cit bac cao HSDT cua tac gia Reddy dugc trinh bay
u(xy,z)=u, +2,—(4/3h)2*( B, + ow, / &X)
v(x, y,z):vo—zﬁx—(4/3h2)z3(—ﬂx+aN0/ay) (3.6)
W(X,Y,2) =W,
Bang céch dat ow, /ox=g¢, VA ow, /oy =4, cong thirc (3.6) dugc viét lai
u(xy,2)=U, +(z2-42°/13n*) B, —(42° 13n°)g,
v(x, y,z):vo—(z—4z3l3h2)/5'x—(423/3h2)¢y (3.7
w(X,y,z)=w,
Céc cong thirc phan tir hitu han ap dung cho HSDT thudng doi hoi ham x4p
xi lién tuc béc cao. Piéu nay dan dén su phirc tap khi xay dung ham xap xi
phan tir hitu han. Dé khic phuc, Reddy da dé xuat mot hinh thirc tinh khac ap
dung cho HSDT ma chi doi héi ham x4p xi dang tham s6 C° hay dugc goi 1a C°-
HSDT. Trong C°-HSDT, hai bién doc lap dugc bd sung dé biéu dién dao ham
ciia chuyén vi. Theo (3.7) trudng chuyén vi bdy gio s& bao gdbm 7 an sb
U s Vo, W, B, B, é, Va g, doc 1ap nhau nhu Hinh 3.1. Phan tir tir gidc SQ4H bén
nit dugc xay dung dua vao k§ thuat 1am tron bién dang & mién con cua phén tu
trén nén tang CO-HSDT két hop 1y thuyét cua Von-Karman lién quan dén bién
dang nho-chuyén vi 16n dé phan tich phi tuyén cac bai toan co hoc.



Hinh 3.1: Chiéu dwong quy uéc ciia C4C chuyén vi thang va xoay trong tim
Bién dang trong phan tir

&y u, +W‘2>< /2 4
£=46, 1=V, +W /2 :sm+23bl—wz%bz (3.9)
u,+v, +w w
& y X XLy
Xy
Uo,x w2, /2 Wo, 0
0,x f W
tn=d Vo, W /2 l=ghae™; e=Il 0w, |l rl-Llyg
' W, W, 2 T Mo,y
uO,y+v0,x 0770,y WO,y WO,x
ﬁy,x ﬂy,x+ X, X
&y = “Pxy ; & = _ﬂx.y+ v,y
ﬁy,y_ﬂx,x ﬂy‘y_ﬁx,x+¢x,y+ Y. (310)
Wo,. + B, 4|4+P,
& =& +2285 &g = ’ €2="77 3.11
Phan tich phi tuyén hinh hoc
a_al, aNL L i NL i
£€=8 +¢ :[sm €1 &, &g sszJ +[sm 0 00 O} (3.13)

Chuyén vi trong phén tir dwoc xap xi thong qua chuyén vi nat ctia phan tir d6

QiT:[Ui A V‘_’. Bi B 4 ¢yi]

N, 0 0 0 0 0 0]
0N O 0 0 0 0
N|O 0O N 0O 0 0 0
. 1
u=>lo 0 o N 0 0 o0]g, Ni = (L+ &)L+ ) (3.16)
=10 0 0 0 N 0 O
00 0 0 0 N ©
(00 0 0 0 0 N;j

Céc véc-to bién dang mang, bién dang udn va bién dang cit dugc thé hién

4 4 4
L
&n :ZBmiqi sbl:ZBbliqi &h2 :ZBbZiqi (3.18)
i1 i-1 i-1



4 4
zBml 9 &q= Zleiqi € = ZBSZiqi
i i1 i1

Ny 0 00000 000 0 Ny O
BL=| 0 Ny, 0000 0| By={000 -N, 0 00
Niy Nixy 0 0 0 0 0 000 —N, N, 00
000 0 Ny Ny 0
Bpoi=|0 0 0 -N;, O 0 Ny
00 0 Ny Ny Ny N (319)

N.

0
" ix 00N, 0000
Bri =¥Gi=) 0 Niyllg o n. 000 0
iy

Ni,y Ni,x

00N, O N 00 000 0O N N 0
) 1 I
Bai = B B =

00 N, -N; 0 00 000 -N 0 0 N

Dua vao ky thuat 1am tron trén phan tir theo céc tac gia Nguyen-Xuan, Nguyen-
Thoi, Nguyen-Van, ... [4, 5, 14-17, 20-22, 35, 83, 128, 129] va H|nh33
Z N, (x,,)n, 0 0 000D

nG
BL (%, )_KZ 0 ZWnNi(xm)ny 0000 O (3.25)

nG nG
D W N, (%, )n, Z:w"N,(xb")nx 00000

- -~ 00 N(x ), 0 0 0 O
B[’::_:TG ‘:_E Igv
g-1 0 0 N(x )n 0 00O

PRI

= (3.27)
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I
M-

o
9>|~

%
4 5

1 1
— > N; nliw,  — n,ISw;
_chzl" (J))’J A ( ) j |
000 0 N(xC)n, 0 0
.1
Bij 00 0 -NOE)n, 0 0 0}, (3.29)

o 0 0 —NOSI, NOEN, 0 0



G G
0 0 O 0 N (xp In, Ni(xy )n, 0

IS

éw:i 0 0 0 -N(xg)n, 0 0 N, (x5 n, ly
AC b=1 00 0 N G G G G
=N Iy Ni(xg Iny - NG(xg dny Ny(x,, )n,
00 i_[Ni()()nxdr 0 N;j(x) 0 ©
_ r,
Bai = 1
0 0 —|N(x)ndr -Ni(x) 0 00 (3.31)
FC
5 000 © Ni(x) Ni(x) 0
7o 00 -N(x) 0 0 Ni(x)

VGi nG 1a s6 diém tich phan Gauss, o 1a diém Gauss, w, 1a trong s6 twong tng
va w, la chuyén vi tai nat i cta phan tir. Ma trén d¢ ctng tiép tuyén ctia phan tir
dugc st dung khi phan tich phi tuyén [83-94]

Kr =K +Ky +Kg (3.33)

00,10

s ’ ©.1.0.0)
(. nl) .y (M n‘g
Hinh 3.3: nc=1 & 2 va gia tri cac ham dang tuong tng
Phuong trinh phi tuyén dugc trinh bay dudi dang

- - ~ ~ t « * * *
tRydq=""4p -tF, tF:I (BL+Buw)o'd2, ‘of,y='e]+ 4o (3.35)
0

Chuwong 4 PHAN TU SQ4T

TIS lan d4u tién duge dua ra boi cac tac gia Zheng, Bui Q.T, ... [51-53]. K¥
thut nay tién hanh xay dyng ham dang bac cao ké dén anh hudng ciia nhom
nGt 1an can dén gid tri bién cua diém can xét, c6 thé thich nghi v6i ludi phan tu
“méo” trong mdt sé dang bai toan, két qua hoi tu v6i do chinh xéc kha cao va
truong ung suit thu duoc lién tuc qua bién phén tir. Su khac biét cia FEM dua

trén k¥ thuat ndi suy kép so vdi truyén thong c6 thé thiy & Hinh 4.1, 4.2 & 4.3.



Phan|

Mién

lanh hwéng Sr

i xét

Truong chuyén vi

i=1

N = 1 =~ nIt = 1 =y 2 =~ nl2 = nl2
Ni =.:1Ni[ ] +‘:lXNiI,:X] +.:1yNiFy] +._."‘2Ni[ ] +‘:2XNiI,:X] +52yNiFy]

(b)
Hinh 4.3: Ham dang t& gidc 4 nit: a) truyén thong, b) ndi suy kép [51]

node 1 node

- 3 ~ nI3 = ~I3 = 4 =~ nI4 =~ nI4
+‘:’3Ni[ ] +‘:3XNiI,:X] +'53yNi[,y] +.:4Ni[ ] +:4XNiFX] +‘:'4yNiFy]

2

® Nt anh huéng

Hinh 4.2: Mién anh huéng nit 1

node 3 node

4

NI ZZ(a’eNinl][e])v N =Z(%N%][e]), 0y =4 | ZAé véi e€S;

eeS; eeS;

5, = Ny + Ny 2Ny + Np?Ng + Ny 2N,y — NjN»2 — Ny Ng2 — Ny N2

eeS;

Ene=—(x%- xz)(Nsz +0.5N;N, N3 + O.5N1N2N4)

~(% - xa)(leNs +0.5N;N3N, +0.5N1N3N4)

~(% - x4)(N12N4 +0.5N,N,N, +O.5N1N4N3)

Zy=-(1- yz)(NfN2 +0.5N;N N3 + 0.5NgNN,

~(y1- y3)(N12N3 +0.5N;NgN + 0.5N1N3N4)

~(yi- y4)(NfN4 +0.5N;N4N, +0.5N1N4N3)

N; =(1+&E)A+nmn)l 4, 1=1234
Céac ham thir nay théa man:

4.1)

4.2)

(4.3)

(4.4)

(4.5)



S(xi)=6i, Ex(x)=0, Z1,(x)=0, E(x)=0, Zx(Xi)=5,

=1
Fry () =04 Z1y (%) =0, Z1yx(x) =0, Z1y,y (%) =3 46)
o1 =
oo if et

Xay dung phan tir tir gidc bén nit SQAT véi 5 bac tu do cho mdi nit dong thoi
ap dung FSDT, cac thanh phan bién dang tuyén tinh va phi tuyén

(%) =Ba (%) & (Xc) =By (xc)a, (%) =B (xc)a, (4.16)
N, 0 000 ..N_, 0 000
B.(%)=| 0 N, 000 . 0O N_ 000
[Ny Ny, 000 .. N, N_, 00 0
000N, 0 ..000N_, 0
By(X)=/0 00 0 N, .000 0 N_, 4.17)
000 N, N, ..000N_, N, .
00N, NNf 0 ..0O0ON_, N 0
BS(XC)Z[O 0 N~1vy 0N ..00 anpvy Om ]
: 5 locsn,

qe:|:ui Vi W fy ﬂyi:|Tl

Truong hop phan tich uén phi tuyén
en (Xc)=Bn(Xc)g., BM =¥G

m

00N, 00O 00N, 00O SO (4.23)
G= . . ,¥=| 0 N W
00N, 00 00N, 00 - -
o 2x5n, N w N w
iy i ix (I:l."w)
Tir &6 ma tran d6 ctng tiép tuyén ctia phan tir SQ4T
Ky =K +Ky +Kgy (4.26)
K, =[BID'BdQ, K, =[BD'B,dQ, K, = [G'NGdO
Q Q Q
L NL A B
B, Bl N, N, L 0 (4.27)
B, =|B,|,B,=| 0 |,N= ,D=B D 0
N, N
B, 0 oo 0 0C

Phuong trinh phi tuyén dugc trinh bay twong tur (3.35).
Chwong5  PHAN TU SQ4C

7



Trén co s& nghién ctru tim/vé dua vao FSDT, mdi quan tam Ién lién quan
dén hién tuong khoa cat khi chiéu day cua két cdu tré nén mong dan dén
chuyén vi ctia tim/vo giam khi chiéu day giam do ning luong bién dang cit
khong duoc loai bo. Bé khic phuc hién twong khoa cét, theo nhom tac gia
Bathe va Dvorkin [10, 11], xem bién dang cit ngang la hang s6 doc canh phan
tr nhu Hinh 5.1. Trudng bién dang cit ngang duoc xay dung thong qua 4 diém
budc A, B, C va D theo céc cong thic

5= %(1+ 7)eE© +%(1-77)g§<8>

5.1
1 1 n(A) ( )

B =2 (1+£)el + (1= ¢)el

trong do @, £®, 7@, £’® la cac bién dang cat ngang dugc tinh toan truc

tiép thong qua xap xi chuyeén vi tai cac diém budec.

(=1~ — (2,=1)

85 =const

. Tying point

Hinh 5.1: Bon diém buc tmg dung
tinh todn bién dang cat ngang

7 &
(—=11) (L0
SLEADY
s N7 g s
= e =
W [Ap
A EBP N
(=40 " (2=
. Piém bude

Hinh 5.3: Bbn diém budc tng dung tinh toan bién dang mang



Ngoai ra, khi phan tich vé c6 do cong nhat dinh véi ludi chia méo d& dan dén
hién twong khoa mang do phan tir str dung 14 phén tir tir giac 4 nat bac thap. Dé
khic phuc hién tugng ndy, theo cac tac gia Ko va Lee [23, 24], tién hanh chia
mién phén tir tai mit trung hoa thanh 4 mién tam giac con nhu Hinh 5.2. Nt a0

5 dugce xac dinh thong qua 4 dién tich “124”, “234”, “134” va “123”

4
X5=§:§%i
=

1 A 1 171 A 111
& ¢ < §4]=*¢[* 0 *}*7“‘[0 - - *} (5.3)
2A,, +A, L3 3l 2a,,+A,l 3 3 3
l&[& 11 O}E&F 1
2A,+A,l3 3 3 2A, +A,L3 3

Trudng bién dang mang duoc xdy dung théng qua 4 diém budc A, B, C, D nhu

Wl

Hinh 5.3 va cong thure sau

B = (o0 4o 69 o)+ 2 (e +60) 5+ (-6 o2 ) (55)

voi P, @, &© va g Ia cic bién dang mang dugc tinh thong qua bén mién
tam giac con va duoc dit tai bon diém budc A, B, C va D, can luu ¥ nho tai nit
ao 5 khong hinh thanh céac bac ty do phu trg trong qua trinh xay dung véc-to
chuyén vi clia phéan tir dang xét. Két hop k§y thuat 1am tron bién dang udn trén
mién con nhu Hinh 3.3, phan tir SQ4C duoc hinh thanh trén co so to hop bién
dang mang, udn va cit. Trong d6 bién dang mang duoc xac dinh nhu sau
&, =B.q, (5.13)
VGi ma tran B, thiét lap trén co s¢ bdn ma tran B®, B®, BO va B® cua bon
mién tam gi&c con. Bién dang udn dugc xac dinh
& (%) =B, (xc)a,

0 Ni(x$)n, 0

0 0 N (x5 )n, IS
o N;(x$)n,  N;(x¢)n,

(5.14)

Bm(xc):

M-

1
A

o
I

Ac la dién tich cua mién tir gidc con, x¢ 1a diém Gauss, IS 12 chiéu dai canh
mién con, luu ¥ 2 1a s6 lwong tir gidc con dugc hra chon khi tinh toan bién dang
udn. Bién dang cét ngang ciing duoc xay dung cdng thirc cu thé

& =B, (5.17)

S



I B 0 i VT - N
By = X y N bZN i b2N )
i/ N i in i in

b =&xE , b =&yE , b =nx} , b® =ny} (5.18)
ge{-111 -1, pe{-1 111
(iR,.R,)€{(1,B,A),(2,B,C),(3D,C),(4D,A)}

i

Ma tran d¢ cung téng duoc thiét lap
K=K, +K,, +Kl, +K, +K, (5.20)
K,=[ BlAB,dQ, K, = BIBBdQ, K,=[ BDB,d0=) B]DE,A
i=L (5.21)
n =2, K, = BICBdQ

Truong hop ¢6 gin sudn gia cudng, phan tir SQAC dugc thém bac tu do tha 6
la B, cho m&i n(t theo [5, 48, 130-132]. Ma tran K_ duogc viét lai

K, = jQB;AEmdm ijbdeQ ,y=0G (5.25)
1
_EN”
1 1 )
b, = _ENi,x ) Ni(§-’7):za+§i§)(l+77i77)' i=1234 (5.26)

_%<in,y + Nyi,x)— N,

1 1
NXizg(yile_yikNm)v Nyizg(xile_xikNm)v X=X =X, ¥y =Y;—VYi
i=1,2,34;, m=i+4; |=m-1+4*floor(l/i); k=mod(m,4) +1; j=1-4;

5,0

(5.27)

Yva

B M3t trung hoa tim

Hinh 5.5: M6 ta két ciu tim gia cudng suon
Str dung ly thuyét dam Timoshenko dé tinh toan cho swon gia cuong. Trong
truong hop tong quat truc suon hop véi phuwong x mot géc a nhu Hinh 5.5.

Chiéu dai phan tir suon ls; gi6i han trong pham vi phan tir tir gidc SQ4C va tly
thudc vao ludi chia cho tAm, h va t 1an luot 13 chiéu day tdm va chiéu cao cua
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sudn gia cuong. Hé truc dia phuong O’rsz gan véi sudon c6 mat phang O’rs
tring voi mat phang Oxy. Tai vi tri tiép x(c, chuyén vi ctia suon va tim 1a
gidng nhau. Céng thirc chuyén truc va bién dang trong sudn dugce tinh toan nhur
Sau

u, cose sina 0 0 0 Oflu
u, -sina cosa 0 O 0 0} v
u - u| | O 0 1 0 0 Ofw _Lu 5.8
“Tlal ] o 0 0 cosa sina 0|4, | (5.28)
B 0 0 0 -sina cosa 0| B,
B, 0 0 0 0 0 1|4
2 0 0 eE 0 Ojfy 2 0 0 ei 0 0
or or ’ or or
uS
0 0 0 0 0 0 0 0 0 2 0 0
_ or u, | or _
£y = 5 5 = 5 Lu=gpu (5.29)
00— 1 0 Oof" 0 0=~ 1 00
or B, or
000 0o 2 olBl]looo o 2o
L o | L or |

trong do e 1a do léch giita truc swon véi mat trung hoa cia tim. V6i viée sir
dung phan tir ddm 2 nGt Timoshenko dang tham sé dé md hinh cho suon

2
u=> Ngf (5.30)
i=1

N =(1-&)/2 va N5 =(1+¢&)/2 la cac ham dang tuyén tinh trong hé toa do tu
nhién gén véi phan tir dam. Ma tran d¢ ctmg va ma tran d6 cimg hinh hoc ciia
phan tir dim trinh bay dudi dang

K = [(pN*) D*pNdl,  KE = [(pN*) o*pNd

(5.31)

e IE

D* = diag (EA,,EI,,5GA, /6,GJ), o* =diag(A?(1, +€*A,)o}) (5.33)
At 12 dién tich mit cat ngang caa dam, 1, 1a momen quén tinh twong quan véi
truc s, J ~ Al /40l, 1a hang s6 xoan St.Venant va 1, 1a momen quén tinh tuong
quan véi truc r, ngoai ra E, G 1a cac hang sé md dun vit liéu.

Chuong 6 PHAN TU SQ4P
Pa thirc Chebyshev bac p duoc dinh nghia theo [31, 138, 139]
T,(x)=T,(cosd) = cos p& (6.1)

vOi —-1<x=cosf#<1 va

11



cos(p+1)@ =2cosécos pd—cos(p—1)6 (6.2)
Tuir cac cong thirc (6.1) va (6.2)
Tp+1(x)=2pr(x)—Tpfl(x), p=012.. (6.3)
Da thirc Chebyshev T, (x)v6i p>2 c6 gid tri bang 0 tai cdc diém Gauss x; nhu
dudi day
X, :—cos[(Zi -/ Zp], i=123.. < T,(x)=0 (6.4)
Y tudng quan trong nhét lién quan dén qua trinh xap xi cia mot ham chua xéc
dinh f(x) dya vao da thirc ndi suy Lagrangian ¥'(x) théng qua nhitng diém da
biét (x,. f(x)) lién quan dén da thirc Chebyshev nhu mo ta sau
()=r()-Satn(x) V& 1(x)=r(x) ©.5)
Trén doan [-1,1], da thirc Clllzeobyshev c6 dac tinh tryc giao nén

a :gf(xk)Ti(xk)/gTiz(xk)

p p-l p (66)
Y(X):kz:;‘.:o ('I'I(xk)T,(x))/;Tiz(xJ)}f(xk)
Diat x=cos(z/2p)&
r(§)= 2N () (&) (6:8)
Ham dang 1D 1a N™ (&) dugc dinh nghia
Nkcr]e(ég):i{('l} (cos(z/2p)&)T, (cos(;z/2p)§))/iTi2(cos(7z/2p)§j )} 69)
& =—cos[(2i-1)z/2p]/cos(x/2p), i=12,.,p
Trong khong gian 2D
(&) e[-L1]x[-1] (6.11)
Ham dang lién quan dén nut | (gi,nj) trong khong gian nay
NIChe (g,n) — NiChe(g) Nj:he (’7) (612)

trong d6 N (&) 1a ham dang 1D bac p: ung véi tap £e[-11] va N™(») la
ham dang 1D bac p, tmg véi tap 7 €[-11]. Hinh 6.1 & cap dén cdc ham dang
1D béc 3, 4 lién quan dén da thirc Chebyshev. Phan tir tir gidc bon nit SQ4P
véi 5 bac ty do mdi nit duoc xdy dung dwa vao FSDT va chudi da thirc
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Chebyshev. Sé lugng [(pi+1)(p2+1)-4] nit 4o dugc thém
6.3.

vao nhu Hinh 6.2 &

16
14 —N1
—MN
12 — N2
N3
1 //-—‘ N4
08
\ \
06 "/ (
hna ,// N\
\
/ N\
02 “
0 M X\ T >
02 ~
7 S S S S S S
-1 08 08 04 02 0 02 04 06 08 1 -1 08 06 -04 02 L] 02 04 06 08 1
1D 1D
Hinh 6.1: Ham dang 1D béc 3, 4
A
(=10 (1.0
(5. 007)
(=1-1) (I1-1)

® Nut thém vao

Hinh 6.2: Chiéu duong quy udc ciia céc thanh
phan chuyén vi trong phan tir SQ4P

Céc thanh phan bién dang mang, udn va cit
&n(Xc) =B, (X )aL

N 0 000 N s ot 0 0 00
B,(x.)=| 0 NS 0 0 0 0 Ny 0 00
NSNS 000 0 NGy NGl O 0
T
qe:|:ui Vi W ﬂxi ﬂyili:“m‘i)(w))
& (Xc ) =B, (X )de
000 N O 00 0 NG 0
B,(x.)=[0 0 0 0 o 0 00 0 () (ast)y
00 0 N NT 00 0 Ny Noumas

&,(Xc) =B, (Xc)d.

13

Hinh 6.3: Phin tir SQ4P trong hé toa do ty
nhién tuong tng p1=p2=3

(6.18)
(6.19)

3x5x( py +1)( pp +1)
(6.20)
(6.21)

3x5x( py +1)(pp +1)
(6.22)



BS(XC):
00 N N™ 0 .00 N N 0 (6.23)

pr+1)( g +1) % (P +1)(pz +1)

0 0 N 0 N . 0 0 Ny, 0 N (o0 25x(py 1)y 1)
Ma tran do ctg tong ctia phan tir
K = [B,AB,dQ+ [B]BB,dQ+ [B]BB,dQ + [B]DB,dQ + [BICBdQ (6.24)
Q Q Q Q Q

Dbi v6i két cau dang vo, thanh phan chuyén vi xoay trong mit phiang phan tir
dugc thém vao cac ma tran dia phuong ctia phan tir. Cac gia tri 4o ciia do cling
tuong ng v4i thanh phan chuyén vi xoay ndy dugc gin cac gia tri xap xi,
thuong 13 10 1an gia tri 10n nhét trén duong chéo chinh cta ma tran do ctng
ph?m tr. Trong pham vi ludn an nay, luat ciu phuong Gauss du duoc thuc hién
nén sb diém Gauss str dung cho mdi phan tir 1a (p1+1)(p2+1) va téng sb bac tu
do tuong ing cho mdi phan tir 1a 5(pi+1)(p2+1), hién nhién 1a 6(pi+1)(p2+1)
cho vo.

Chuong 7 PANH GIA SAI SO CHUNG GIUA CAC PHAN TU

Tdam ddng hudng chiu tai phin bé déu:

Khao sat tim vudng nhu Hinh 7.1 lién két twa don (SSSS) va lién két ngam
(CCCC) dudi su thay dbi ty sb giira chidu dai va chiéu day tim a/h = 10, 100,
1000, 10000. T4m chiu tai phan bd déu q véi cac dic trung vat liéu nhu hing
s6 mod dun Young E = 1.092 MPa va hé sb Poisson p = 0.3. B véng ngay
chinh giita tim dugc xac dinh theo cong thirc w' = (100Eh*w, ) /[12qa* (L - 42)].
Tién hanh so sanh sai s6 két qua phan tich d6 vong khi st dung bbn phan tir
SQ4H, SQ4T, SQ4C va SQ4P. Nghiém chinh xac duge tham khao tir tai liéu

[140] cta nhom tac gia Taylor va cong su.
v

ny S
e -
Hinh 7.1: TAm vuédng chiu tai phan bb déu
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Céc Hinh 7.2.a-h thé hién db thi so sanh sai s6 theo logio va theo % v&i cac ludi
chia6 x 6, 8 x 8, 10 x 10, 12 x 12 va 14 x 14 g vdi truong hop lién két tua
don (SSSS) va ty sb a/h = 10, 100, 1000 va 10000. Bang 7.1 trinh bay gia tri do
vong thu duoc khi dung bon phéan tir ctia luan &n. CO thé thay két qua do vong
chinh gitra tim dat dugc boi phan tir SQ4P tot nhat, tiép dén 1a phan tir SQ4H
va sau d6 14 hai phan tir con lai SQ4C va SQA4T.

Tuong tu, truong hop tim lién két ngam (CCCC), Bang 7.2 trinh bay gia tri do
vong thu dugc khi dung bdn phan tir ciia luan an dong thoi cac Hinh 7.3.a-d tiép
tuc thé hién do thi danh gia sai s6 chung giita bén phan tr SQ4H, SQ4C, SQAT
va SQ4P. Phan tir SQ4P Vvin cho két qua kha quan nhét, tiép dén 13 phan tir
SQ4H va sau cung 1a hai phan tir con lai SQ4C, SQAT. Pic biét trong mét s6
truong hop thé hién sy khéng on dinh trong két qua thu dugc boi phan tir SQ4T
nhu & Hinh 7.2.a v Hinh 7.3.a lién quan dén viéc tinh toan thong qua mién anh
huong 1an can phan tir dang xét. Panh gia k¥ hon vé van dé nay co thé dugc

xem nhu mot dinh hudng phat trién tuong lai cia luan an.

2 e iil-_—i‘f‘f)

S — o

= . o 1

% - S

53 " i
£° Fom
2 £
e S04H N

g4 . -

= +— S04C 5 — a

L .
‘;: —4+— S04T s 0 =
4 P E

i o N ~
* — g \‘\.
€5 i S oo SQ4H e

E T < 5—SQ4C S
¥ — & —+— 04T -~
S .
S0 -0.02 S04P ~—_

— — = Chinh xc ~
L L . . . i . ; 003 . \ L L \ \ L L L \
IRCEER 105 A 095 09 08 08 075 008 009 01 011 012 013 014 045 016 017

Logofkich thudc phén 1)

(a) a/h =10, SSSS
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Kich thudc phan tir

(b) a/h =10, SSSS
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(e) a/h =1000, SSSS
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] —&— S04C
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(9) a/h = 10000, SSSS
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(d) a/h =100, SSSS
003 o
"
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00z _—
% e
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¥
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z
i
% om SQ4H
< &—S04C
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003} | —+—soaep
== =—Chinh xéc
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(f) a/h=1000, SSSS
003 o
002 "
- -
y -
o
% 0.01 e
%S "
LS -
4
£
=001
W5
3
I SQ4H
200 | o saac
£ —4— 54T
003F | —9—SQP
— — — Chinh xac
004 : L L L . . L L L \
008 008 01 011 042 013 014 015 016 0.7

Kich thiede phin tie

(h) a/h = 10000, SSSS

Hinh 7.2: So sénh sai s d6 vdng cua tdm vuéng lién két tra don véi a/h = 10, 100, 1000, 10000
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Log ofkich thude phdn tic) Kich thiée phan tic
(@ ah=10,cCCC (b) alh =10, CCCC
05 012
- ! /{—**/,_rff_—? 01
§1 54" " 5
% 2 ' £008
*2 ‘:::
%8 2 006
] 3
W Zom o
5 35 n; —4— S04T
g 3 oop i
§s . | X,
5 - —+— Q4T -
— SQ4P
ssb . ) ‘ . . | ‘ ‘ am R T N
415 41 105 4 09 09 08 08 075 0B 009 o1 on 012 013 01 015 018 01
Logoikich !h:rfi:‘j:[niu ) Kich thucc phan i
(©) a/h=10000, CCCC , (d) ah = 10000, CCCC
Hinh 7.3: So s&nh sai s6 do vong ctia tam vudng lién két ngam véi a/h = 10, 10000
Bing 7.1: So sanh do vong chinh giita thm vudng lién két ta don (SSSS)
W~ (SSSS)
Chia luéi 6x6 8x8 10x 10 12x12 14x14
a/h=10
SQ4H 0.428705 0.428053 0.427756 0.427607 0.427517
SQ4AT 0.416173 0.422814 0.425944 0.427656 0.428687
SQ4C 0.439931 0.434335 0.431777 0.430397 0.429568
SQ4P 0.427287 0.427285 0.427284 0.427284 0.427284
a’/h =100
SQ4H 0.406833 0.406661 0.406582 0.40654 0.406515
SQ4T 0.392431 0.398544 0.401415 0.402984 0.403928
SQ4C 0.418631 0.413238 0.410774 0.409444 0.408646
SQ4P 0.406494 0.406459 0.406451 0.406448 0.406447
a/h = 1000
SQ4H 0.406614 0.406447 0.40637 0.406329 0.406305
SQ4AT 0.392193 0.398301 0.40117 0.402737 0.403680
SQ4C 0.418418 0.413027 0.410564 0.409235 0.408436
SQ4P 0.406293 0.406254 0.406244 0.406241 0.406239
a/h = 10000
SQ4H 0.406612 0.406445 0.406368 0.406327 0.406303
SQ4AT 0.392191 0.398299 0.401167 0.402735 0.403678
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SQ4C 0.418416 0.413025 0.410561 0.409233 0.408434
SQ4P 0.406291 0.406253 0.406242 0.406239 0.406237

Béing 7.2: So sanh d¢ vdng chinh giira tim vudng lién két ngam (CCCC)

w" (Ccce)
Chia lusi 6x6 8x8 10x 10 12x12 14x 14
alh =10
SQaH 0.149973 0.150578 0.150268 0.150302 0.150256
SQ4T 0.158590 0.154636 0.152279 0.150808 0.149836
sQ4c 0.161212 0.156231 0.153900 0.152630 0.151863
SQ4P 0.150448 0.150458 0.150461 0.150462 0.150462
alh = 100
SQaH 0.126546 0.126640 0.126684 0.126716 0126731
SQ4T 0.140491 0.135932 0.133233 0.131559 0.130452
sQ4c 0.139258 0.133919 0.131395 0.130004 0.129159
SQ4P 0.126763 0.126776 0.126781 0.126783 0.126784
alh = 1000
SQaH 0.126300 0.126382 0.126433 0.126461 0.126479
SQ4T 0.140306 0.135739 0.133036 0.131359 0.130251
sQ4C 0.139034 0.133691 0.131163 0.129770 0.128923
SQ4P 0.126510 0.126524 0.126530 0.126532 0.126533
alh = 10000
SQ4H 0.126297 0.126379 0.126430 0.126459 0.126477
SQ4T 0.140304 0.135737 0.133034 0.131357 0.130249
sQ4c 0.139032 0.133688 0.131160 0.129768 0128921
SQ4P 0.126508 0.126522 0.126527 0.126529 0.126531

Béng 7.3: So sanh thoi gian tinh toan theo gidy (s)

SSSS, a/h =10
14x 14 6Xx6
SQ4H SQ4T SQ4C SQ4P SQ4P
(1575 dofs) (1125 dofs) (1125 dofs) (9245 dofs) (1805 dofs)
0.47674 s 11.2697 s 2.2078 s 81.9208 s 2.8599 s
SSSS, a/h = 10000
14x14 6 X6
SQ4H SQ4T SQ4c SQ4P SQ4P
(1575 dofs) (1125 dofs) (1125 dofs) (9245 dofs) (1805 dofs)
0.47621 s 11.6926 s 2.7641s 83.1269 s 2.9227 s
CCCC,ath =10
14x14 6 X6
SQ4H SQ4T SQ4c SQ4P SQ4P
(1575 dofs) (1125 dofs) (1125 dofs) (9245 dofs) (1805 dofs)
0.7518 s 11.0411s 2.4872s 83.3733 s 2.9587 s
CCCC, a’h = 10000
14x14 6Xx6
SQ4H SQAT SQ4C SQ4P SQ4P
(1575 dofs) (1125 dofs) (1125 dofs) (9245 dofs) (1805 dofs)
0.7202 s 11.3438s 2.9373s 83.7899 s 2.9251s

Trén co so may tinh véi cac thdng s Intel ® Core ™ i7 @ 2.80 GHz, 8.00GB

RAM, viéc so sénh thoi gian tinh toan giita cac phan tir dwoc trinh bay & Bang

7.3. Néu dua vao sb luong phan tir twong duong nhau, c6 thé thiy thoi gian tinh
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toan theo gidy (s) cua phan tir SQ4P 14 16n nhat. Tuy nhién viéc sir dung béc
P1=p2=3 cho phan tir SQ4P khién tong sé bac ty do (dofs) cua phan tir nay 16n
hon nhiéu so véi cac phan tir con lai. Viéc so sanh thoi gian dua trén téng sd
bac tu do xap xi nhau cho thdy thoi gian tinh toan cua phan tir SQ4T 14 16n
nhét. Didu ndy ciing duoc trinh bay trén Bang 7.3.

Tdam ddng huéng dao dong tw do

O muc ndy, luan an dé cap dén phan tich dao dong tu do cuia tAm vudng mong
(a/h = 200) va day (a/h = 10) véi hai diéu kién bién 1a tua don (SSSS) va ngam
(CCCC). Pic trung vit lidu E = 200 GPa, hé sé Poisson p = 0.3 va mét do khéi
lugng p = 8000 kg/md. Bén gia tri tan sb dao dong dau tién chuan hoa
o =[120,,pa* (1 ,uz)/(Ehz)]M dua vao bén phin tir SQ4H, SQAT, SQ4C v
SQA4P g vé6i ludi chia 8x8 duoc trinh bay & Bang 7.4 va Hinh 7.4. Céc két qua
nay dugc dem so sanh vai két qua chinh xac trich xuat tir tai liéu caa nhom tac
gia Abbassian va cong su [143]. Bén canh d9, thoi gian tinh toan ciing dugc ghi
nhan lai gitra cac phan tir voi tong s béc tu do xap xi 1600 dofs trén toan mién
roi rac. Bang 7.5 cho thay thoi gian tinh toan caa phan tir SQ4T van 16n nhat.

Bing 7.4: So sanh gia tri bdn tn s6 dao dong dAu tién cia tim vudng ding hudng

Dang dao a/h =10, (SSSS)
dong SQ4H SQAT SQ4C SQ4P Chinh xac
1 4.373 4.368 4.369 4.366 4.37
2 6.787 6.757 6.772 6.744 6.74
3 6.787 6.757 6.772 6.744 6.74
4 8.028 8.391 8.379 8.354 8.35
Dang dao a/h =10, (CCCQ)
dong SQ4H SQ4T SQ4C SQ4P Chinh xac
1 5.726 5.738 5.715 5.703 5.71
2 7.960 7.991 7.932 7.876 7.88
3 7.960 7.991 7.932 7.876 7.88
4 9.414 9.533 9.378 9.325 9.33
Dang dao a’h = 200, (SSSS)
dong SQ4H SQ4T SQ4C SQ4P Chinh xac
1 4.450 4.455 4.445 4.443 4.443
2 7.074 7.074 7.055 7.025 7.025
3 7.074 7.074 7.055 7.025 7.025
4 8.948 8.987 8.909 8.885 8.886
Dang dao a’h = 200, (CCCC)
dong SQ4H SQAT SQ4C SQ4P Chinh xac
1 6.024 5.986 6.000 5.998 5.999
2 8.671 8.576 8.610 8.567 8.568
3 8.671 8.576 8.610 8.567 8.568
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(a) TAm méng o ) (b) ‘Tém day
Hinh 7.4: So sé&nh tan s6 ctua bon dang dao dong dau tién

V6 cau dang hwéng chiu tai phn bé déu

Mot vo cau tua don trén bon canh bién va chiu tai phan b déu g nhu Hinh 7.5
dugc phan tich va so sanh két qua d6 vdng ngay diém chinh giita vo. Két cau
nay c6 cac dic trung a=32,R=96,h=0.32, E= 10", u=0.3vaq=100. Mo
hinh Y4 vo véi ludi chia 8 x 8, 12 x 12 va 16 x 16 dugc sir dung dé tinh toan két
qua do vong dua trén cac phan tr SQ4H, SQAT, SQ4C va SQA4P. Bing 7.6 thé
hién két qua thu duoc ung v6i 4 phan tir SQ4H, SQAT, SQ4C va SQ4P dong
thoi thé hién két qua tham khao tir tai liéu [6] cia nhom tac gia Darilmaz va
cong sy voi 12 x 12 phan tir vo 8 nat HBQS, tai lidu [144] cua nhom tac gia
Kumbasar va cong su v6i 16 x 16 phan tir vo cong KUMBA va tai liéu [119] cua
tac gia Reddy vdi nghiém giai tich.

Béng 7.5: So sanh thoi gian tinh toan theo giay (s)
SSSS, a/h = 10, = 1600 dofs

SQ4H SQ4T sQ4C SQ4P
19.4063 s 30.2069 s 17.1924 s 10.6400 s
CCCC, a/h = 10, = 1600 dofs
SQ4H SQ4T SQ4C SQ4P
13.3436 s 27.0411s 13.9900 s 10.3403 s
SSSS, a/h = 200, = 1600 dofs
SQ4H SQ4T SQ4C SQ4P
18.2277 s 30.4165 s 16.7336 s 10.3201 s
CCCC, a/h = 200, = 1600 dofs
SQ4H SQ4T SQ4C SQ4P
12.3259's 26.2291 s 13.6833 s 10.1188 s
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Hinh 7.5: V6 cau dang hudng tua don chiu tai phan bo déu

Theo Bang 7.6, khi so sanh véi nghiém giai tich cho boi tac gia Reddy, két qua
thu duoc boi 3 phan tir SQ4T, SQ4C va SQ4P theo xu huéng cin dudi trong d6
két qua t6t nhét 1 ctia phan tir SQ4P tiép theo 1a cua phan tir SQ4C. Vi phan
tr SQAT, két qua sai s6 nhiéu lién quan dén qua trinh xac dinh mién anh huéng
bao quanh phan tir dang xét, nhat 1a dbi véi két cau vo cong hai phuong, din
dén phic tap trong qué trinh tinh todn ma tran do cimg tong thé ciing nhu cting
hoa két cau kéo theo sai s6 1on. Ngoai ra, két qua thu duoc bai phan tir SQ4H
theo xu hudng can trén nhu thé hién & Bang 7.6.

Bing 7.6: So sdnh gid tri 46 vGng ngay chinh giita vo cdu tira don

So sanh Luéi chia w
SQ4H 8x8 0.3299
12x 12 0.3269
16 x 16 0.3236
SQ4AT 8x8 0.2699
12x12 0.2744
16 X 16 0.2824
8x8 0.3108
SQ4C 12 x12 0.3124
16 X 16 0.3129
8x8 0.3129
SQ4P 12x12 0.3131
16 x 16 0.3132
HBQ8 [6] 0.3104
KUMBA [144] 0.3304
Giai tich (Reddy) [119] 0.3138

Chuwong8 KET LUAN VA HUONG PHAT TRIEN
Trong luan an nay, nhom phan tir SQ4H, SQ4T, SQ4C va SQ4P lan dau tién
dugc thiét 1ap dé phan tich két ciu dang tim/vo. Cu thé, phan tir SQ4H duoc
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hinh thanh dya vao ky thuat tron bién dang trén mién con két hop 1y thuyét

bién dang cat bac ba dang C° phan tir SQ4T duwa vao ky thuat ndi suy kép,

phan tir SQ4C dya vao k¥ thuat t6 hop bién dang va phan tir SQ4P duogc xay
dung dya trén da thie Chebyshev. Két qua ctia nghién ctru hién tai bao gom:

e Phan tir phing tr gidc (SQ4H) dé mo phong két cau tim phiang va tim gap
nhiéu 16p, phan tir ndy cai thién do chinh xac ctia md hinh va giam bét sy
bat 6n vé s6 ddi voi phan tich hinh hoc phi tuyén tinh.

e Phan tir phang t gidc dua trén ky thuat noi suy kép (SQ4T) dé mob phong
két céu tim/vo nhiéu 16p hay tdm phan cap chirc ning. Véi viéc xay dung
ham noi suy bac cao dwa vao gia tri n(t lan gradient trung binh ndt trong
pham vi mién anh hudng, phan tir ndy cai thién duoc yéu té bét lién tuc cia
bién dang va ting suat qua bién cia no.

e Phan tir phang tr gidc dua vao k¥ thuat t6 hop bién dang (SQ4C) dung dé
tinh toan két cau tim/vo nhiéu 16p c¢6 hodc khdng c6 sudn gia cuong. Phan
tr ndy cai thién duoc d6 chinh xac cua md hinh va giam bot su bat on vé két
qua sé lién quan dén hién tuong khda mang khi phan tich két cau vo.

e Phan tir phing tir gi4c dia vao da thic Chebyshev (SQ4P) dung dé phan
tich két cdu tim/vo 1am bang vat liéu x6p phan cap chic ning c6 gia cuong
tiéu cau graphene. Két qua phan tich khong chi phu thudc vao ludi chia ma
con phu thudc vao bac cua da thirc Chebyshev.

e Céc phan tir déu duogc thiét 1ap tir ly thuyét don I6p twong duong ESL
(equivalent single layer) nén d& dang diéu chinh dic trung vat lidu tir vat
liéu dang huéng dén vat lidu composite nhidu 16p, vat liéu phan cip chirc
nang, vat liéu xop c6 gia cuong. ..

e Céc ma tran d6 cing mang, udn, cit va hinh hoc déu duoc thiét 1ap dé tir d6
x&c dinh ma tran do cimg tong cua phan tir. Dic biét voi cac phan tir SQ4H
va SQ4C, viéc tinh todn ma tran do cimg udn va hinh hoc duoc thuc hién
bai tich phan doc bién mién con ciia phan tir thay i tich phan tryc tiép trén
mién con nhu ky thuat truyén thong.

e Céc phan tir déu khic phuc dugc hién tuong khoa cit (shear locking), khoa

mang (membrane locking), dic biét khic phuc hién twong dong ho cét
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(hourglass phenomena hay con goi la spurious zero energy modes) khi phan
tich dao dong ty do.

Céc phan tir déu c6 uu va nhugc diém lién quan dén cach thuc thiét lap tuy
nhién theo y kién chii quan chling c6 thé duoc xem xét nhu 13 cac phan tir tir
gié&c don gian trong ap dung.

Can ctr viéc so sanh két qua phan tich dua trén 4 phan tir SQ4H, SQA4T,
SQA4C va SQ4P véi cac két qua duoc trich Xuat tir cac tai liéu uy tin va dang
tin cay, chung nén dugc mo rong sang cadc hudong phéan tich khac trong
tuong lai.

Trén nén tang da dwoc thiét 1ap va xa4c minh, cac phan tir SQ4H, SQAT,
SQ4C va SQ4P c6 thé duoc sir dung dé tiép tuc phat trién theo cac dinh
hudng sau:

e  Cai tién k¥ thuat sdu hon, ap dung céc cong cu tinh toan hién dai hon,
chuyén dbi ly thuyét tinh toan hop ly hon.

e Déanh gia ky hon céc dic tinh vé phuong phép tinh cia cac phan tir dé
xuit nhu: toc d6 hoi tu, sy don gian trong chia ludi, sy twong thich va
6n dinh cta két qua s6 ciing nhu chi phi tinh toén.

Ngoai ra, cac phan tir dé xuat c6 thé tiép tuc duoc md rong pham vi phan
tich sb cho céac bai toan co hoc khéac nhu:;

e Phan tich tuyén tinh va phi tuyén hinh hoc cho két cdu tam/vé cé tich
hop 16p ap dién.

e  Phan tich tuyén tinh va phi tuyén hinh hoc cho két ciu tam/vo 1am
bang vt liéu xp.

e  Phan tich tuong tac rén-long, ...

e Nghién ctru ing xir cta két cau tm/vo dudi tac dung tong hop co-
thity-nhiét.

e Phan tich ciu tric vi mo trén co s két hop vai Iy thuyét dan hdi phi
cuc bo.

e  Phan tich ing xir dan déo ciia két cau composite.

e Nghién ciru phi tuyén vat liéu.
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ABSTRACT

Plates and shells are common structures in real life, they are used as roofs,
floors, walls, silos, tanks, etc. Among the numerical methods used to simulate as
well as analyze the mechanical behavior of plate and shell structures, the finite
element method (FEM) is the most widely used and effective method. With the
continuous emergence of new complex problems, FEM still has certain
limitations related to discrete element techniques, accuracy, stability,
computational cost, flexibility, etc. Therefore, it is always important to suggest
technical improvements to FEM in plate/shell behavior simulation. This research
direction has always been topical from the past decades to now. With the desire
to further diversify, create more hybrid elements, integrate from the advantages
of existing elements, this thesis is formed. Besides, the goal of the study is to
create a simple set of 4-node quadrilateral elements in the formulation for
plate/shell analysis, which is less affected by the phenomena of membrane
locking, shear locking, etc. The main contributions of this thesis can be listed as
follows:
- Constructing a 4-node quadrilateral element, namely SQ4H, based on
cellbased strain smoothing enhancement combined with the type of CO-HSDT
for nonlinear analysis of plate and folded plate structures. This element improves
model accuracy and reduces numerical instability for geometrically nonlinear
analysis.
- Constructing a 4-node quadrilateral element, namely SQ4T, based on twice
interpolation strategy (TIS) for linear and nonlinear analysis of plate/shell
structures. By establishing high-order shape functions that take into account the
influence of the group of neighboring nodes on the considering element, this
element improves the discontinuity of its strain and stress across its boundaries.
- Under the combined strain strategy with respect to overcoming membrane
locking as well as shear locking phenomenon and using cell-based strain
smoothing enhancement, the third contribution is to build a 4-node quadrilateral
element, namely SQA4C, for analysis of plate and shell structures with or without



stiffeners. This element improves model accuracy and reduces numerical
instability associated with membrane locking when analyzing shell structures.

- Based on the outstanding properties of Chebyshev polynomials, the last
contribution is to give a 4-node quadrilateral element, namely SQ4P, with the
goal throughout the thesis to analyze the behavior of plate and shell structures.
Improved numerical results based on the mesh and the order of Chebyshev

polynomials.

SQ4H
SQ4AT
SQ4C
SQ4P
FEM
FGM
FGP
GPLs
P-S
P-A
P-U
GPL-S
GPL-A
GPL-U
TIS
FSDT
HSDT
HBQ8
KUMBA

1. Rationale

LIST OF ACRONYMS
The Sort of Q4 element based on Higher-order shear deformation theory
The Sort of Q4 element based on Twice interpolation strategy
The Sort of Q4 element based on Combined strain strategy
The Sort of Q4 element based on Chebyshev Polynomial
Finite Element Method
Functionally Graded Material
Functionally Graded Porous
Graphene PlateLets
Symmetric Porosity distribution
Asymmetric porosity distribution
Uniform Porosity distribution
Graphene PlateLet Symmetric distribution
Graphene PlateLet Asymmetric distribution
Graphene PlateLet Uniform distribution
Twice interpolation strategy
First-order Shear Deformation Theory
Higher-order Shear Deformation Theory
8-node Quadrilateral Assumed-Stress Hybrid Shell element

8-node Curved Shell element with Reduced Integration

PREFACE



Based on the continuous emergence of new complex problems (related to
new materials, more precise boundary conditions, or more complex interaction
conditions, etc.), FEM still has certain limitations related to discrete element
techniques, accuracy, stability, computational cost, flexibility, etc. Therefore,
it is always important to suggest technical improvements to FEM in plate/shell
behavior simulation.

2. Research task
Development of finite element techniques for plate/shell structural analysis.
3. Research scope
Static bending, free vibration, buckling analysis of plate/shell structures
based on proposed elements.

4. Research approach and methods

- Theoretical research

- Development of finite element techniques

- Numerical simulation

- Analyze and evaluate the results.
5. Scientific and practical significance of the research theme

This thesis develops the necessary calculation techniques at present when
computational techniques are increasingly applied in practice, with the objects
being plate/shell structures in engineering. From the research results of the thesis,
the proposed elements can be added into the modules of existing softwares.
6. Dissertation outline
Thesis includes: Preface; Chapter 1: Introduction; Chapter 2: Theoretical basis;
Chapters 3, 4, 5 and 6: SQ4H, SQ4T, SQ4C and SQ4P Elements; Chapter 7:
Error estimates among the proposed elements, Chapter 8: Conclusions and future
works together with the References and the List of publications.



Chapter 1 INTRODUCTION

Plates and shells are common structures in real life, they are used as roofs,
floors, walls, silos, tanks, etc. Figure 1.1 [1-3]. Among the numerical methods
used to simulate as well as analyze the mechanical behavior of plate and shell
structures [4-144], the finite element method (FEM) is the most widely used and
effective method.

Mid-plane

1D 2D 3D

Figure 1.1: 1D, 2D and 3D structures
This thesis creates a simple set of 4-node quadrilateral elements in the

formulation for plate/shell analysis, namely, SQ4H, SQ4T, SQ4C and SQ4P.
The thesis consists of eight chapters with a list of publications and references.

Chapter 2 THEORETICAL BASIS

Materials: Isotropic material [1-4, 6, 7], composite material [5, 21, 22, 38, 65],
functionally graded material FGM [66-74] and functionally graded porous FGP
(P-S, P-A, P-U) reinforced by graphene platelets GPLs (GPL-S, GPL-A, GPL-U)
[68-82, 141, 142].

Plate/Shell theories: FSDT and HSDT [2, 65, 108, 116, 119, 123].

Finite element formulation: Based on [4, 5, 35], the weak form formulas for
a 4-node isoparametric quadrilateral membrane element and a 4-node
quadrilateral plate bending element including shear strain, lead to a 4-node flat
shell element, as Figure 2.15, 2.16 & 2.17 are presented in this thesis.



Figure 2.15: A 4-node Figure 2.16: A 4-node Figure 2.17: The projéction ofa
isoparametric quadrilateral quadrilateral plate bending warped shell element into a flat
membrane element element mean plane

Chapter 3 SQ4H ELEMENT

The HSDT of Reddy is presented
u(xy.z)=u, +2/8,—(4/3*)2°( B, +w, / &)
V(X,Y,2) =V, — 28, —(4130°)2° (=B, + ow, / &y) (3.6)
w(X,y,z)=w,

Expressing ow, / ox=¢, and ow, /oy =4, equation (3.6) can be rewritten as
u(x,y,z)=u,+(z2—42°13n*) B, - (42° 1 3n° ),
V(X,Y,2) =V, —(2-42°130°) B, - (42° 1 3n° )¢, (3.7)
W(X,Y,2) =W,

Finite element formulas applied to HSDT often require a higher-order
continuous approximation. This leads to complexity when establishing the
finite element approximation function. To overcome this, Reddy proposed a
different calculation form applicable to HSDT that only requires C° continuity
for displacement fields, called C°-HSDT. In the C°HSDT, two additional
variables are joined. According to equation (3.7), The displacement field
includes seven unknown variables as u, , v,,w,, 3, B, d, and ¢, , Figure 3.1. The
SQ4H element is formed based on cell-based strain smoothing enhancement
combined with the type of CO-HSDT and the small strain-large displacement
theory of Von Karman for nonlinear analysis of mechanical problems.



Figure 3.1: Positive direction of displacements
The strain field is obtained

&y u, +W‘2>< /2 4
£=46, 1=V, +W /2 =g, + Zsbl—wz%bz (3.9
u,+v, +w,w
& y o N XNy
Xy
Uo w2, 12 1| o 0 w.) 1
€,=9 Vo, HiWe, /2 p=go+E) s g == 0wy [ TE==90
' Wy W, 2 o Moy
uO,y+v0,x 0770,y WO,y WO,x
ﬁy,x ﬂy,x + X, X
&y = “Pxy ; & = _ﬂx.y + v,y
ﬂy,y _ﬂx,x ﬂy‘y _ﬁx,x +¢x,y + Y. (310)
Wo + B, 4|9+ 5,
g =g, +2% g,=| g, =—— 11
S s1 s2 sl |:W0,y _ﬂx:| s2 hz |:¢y _ﬂx (3 )
Geometrically nonlinear analysis
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The displacement field u of the element is approximated through qf =[u, v,
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N, 0
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The membrane, bending and shear strain vectors can be expressed in the
following form

4 4 4
L
&n :ZBmiqi sbl:ZBbliqi &h2 :ZBbZiqi (3.18)
i=1 i=1 i=1
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4 4
zBml 9 &q= Zleiqi € = ZBSZiqi
i i1 i1

N, O 000 O00O 000 0 Ny O
Boi=| O N, 0 00 0 0 By=[0 00 -N,, 0 00
Niy Nix 000 0 0 000 -N, N, 00

000 0 N, Ny 0
Bpy=[0 0 0 -N,, 0 0 N,

0 0 0 —-Njy, Niy Niy Ny (3.19)
N.

0

" ix 00N, 0000

Bri =¥Gi=) 0 Niyllg o n. 000 0
iy

iy Ni,x

00N, O N 00O 000 0O N, N ©
Bai = ' B =
{oomi,y -N, ooo} {OOO—Ni 0 ONJ
Based on the cell-based strain smoothing technique according to the authors
Nguyen-Xuan, Nguyen-Thoi, Nguyen-Van, etc. [4, 5, 14-17, 20-22, 35, 83, 128,
129] and Figure 3.3

[ nG

D W,N, ()N, 0 00000
4 nG
> 0 SWN,(x,)n, 0 0 0 0 O (3.25)

n=1

nG nG

D WN (X, )n, D> wN(x,)n, 0 0 0 0 0
L n=1 n=1 .

0 0 N(x$)n, 000 0
C

¢]
710 0 N(xS)n, 00 0 0

L (3.27)

‘i‘zi 0 ii ( )nlw
iZNi(X?)”y'JWi iz_; (‘)”'W

n)>

T
c?>



000 0 N,(xC)n, 0 0

4
- 1
Bug=—D [0 0 0 -N,(x$)n, 0 0 0,
ACb:l G G
0 0 0 -Nj(X)n, Ni(x;)n, 0 0
(3.29)
Lo 00 0 NS, NS )n, 0
. 1
Bp=— ) |0 0 0 —Ni(x¢)n, 0 0 N, (x5 n, J,
AC b=1 0 0 0 N G G G G
=N;(x, In, Ni(xb)ny Ni(xb)ny N; (xp N,
1
00 —INi(x)nxdF 0 N;j(x) 0 ©
~ I,
Byi = 1
00 Z'fNi(x)nydr -Ni(x) 0 00 (3.31)
T,

c

Bsziz[o 00 0 N(x) N(x) © ]

000 -N(x) o 0 N;(x)
with nG is the number of Gauss integration points, xs the Gauss points, w, the
corresponding weighting coefficients and w, the deflection at the node i of the
element. The element tangent stiffness matrix is defined as [83-94]

R SN
) n;d) »
(?if (nif. n")
(1/2.0.0.1/2), (n;,.n_f)) (0.12.1/2.0)

el (1/4,3/4.0,0)
(1/2.172.0.0

(1.00.0)

L (0.1.0.0)
7 7 3 4 7 7
o, n_‘”.) (G 7'51) (m.n)

Figure 3.3: nc=1 & 2 and the values of shape functions at nddés in the format (Nz; N2; N3; Na)
Finally, the nonlinear equation can be rewritten as

- - ~ ~ t * * *
'Kydg="4p - tF, tF=I (BL+By )o'd@2, ‘of1="aj +'de (3.35)
0

Chapter 4 SQ4T ELEMENT

TIS was first introduced by the authors Zheng, Bui Q.T, etc [51-53]. This
technique establishes high-order shape functions that take into account the
influence of the group of neighboring nodes on the considered element, which
can match with irregular mesh in some types of problems. The results converge



with quite high accuracy and the resulting stress field is continuous across the
element boundary. The difference between FEM based on TIS compared to the

traditional one can be seen in Figures 4.1, 4.2 & 4.3.

The considered elerent
/ ]

™

upporting domgin Sy

N

Figure 4.2: Supporting domain of node 1

(%)

@ Supporting node

(b)
Figure 4.3: Visualization of the shape functions: a) traditional, b) TIS strategies [51]
The displacement field is approximated as

G(x):iﬂli(x)qi =N(x)q (4.2)

N| - 1 ~ nI1 =~ I - 2 =~ nl2 =~ nIL2
Ni = SN+ 2, NI+ 5 NEY 4 25N 2D 4 =, 2T+ = N

1,X 1LX l

node 1 node 2 (4.2)
- 3 ~ nI3 = ~I3 = 4 =~ nI4 =~ nI4 '
+‘:’3Ni[ ] +‘:3XNiI,:X] +'53yNi[,y] +.:4Ni[ ] +:4XNiFX] +‘:'4yNiFy]
node 3 node 4
—_— l l — l l r.
Nin] :Z(weNin][e])v NiFy] :Z(a’eNiFy][E])7 e =24 | ZAé véi €S (4.3)
eeS; eeS; eeS;
5, = Ny + N 2Ny + Ny ?Ng + Ny 2N,y — NjNo2 — Ny Ng2 — N;N .2
Ey :—(xl—xz)(leNz+O.5N1N2N3+O.5N1N2N4)
(4.4

~(% - xa)(leNs +0.5N;N3N, +0.5N1N3N4)

~(% - x4)(N12N4 +0.5N,N,4N, +O.5N1N4N3)
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Ey=—(n1- yz)(Nsz +0.5N;N,N3 +O.5N1N2N4)
~(yi- ya)(NfNa +0.5N;N3N, + O.5N1N3N4)
~(yi- y4)(N12N4 +0.5N;N,4N, +O.5N1N4N3)
N =(1+&E)A+mn)/ 4, 1=1234 45)

These functions associated with node 1 satisfy the following conditions
El(xi)zgli ' El,x(xi)zov El,y(xi):O ) Elx(xi)zo ’ Elx,x(xi)zali ’

F1y () =04 Z1y (%) =0, Z1yx(xi) =0, Z1yy (%) =3 4.6)
PN !
"o i el

Constructing a 4-node quadrilateral element with 5 degrees of freedom for each
node, namely SQ4T, and applying FSDT, the linear and nonlinear strains can

be shown
Sm (XC) = Bm (XC )qe ! 8b (XC) = Bb (XC )qe ' 85 (XC) = Bs (XC )qe (416)

N, o0 000 . N, O 00O

1x

Bn(%)=/ 0 N, 000 . O N_, 000
N, N, 000 .. N_ N 000

os}
e
—_~~
X
S
SN—
Il
o o
o o
o o
o 2
2o
<
o o
o o
o o
e}
o 2
x
=z
& o
x

.17

o
o
o
2

In case of nonlinear bending analysis
&n (Xc) =B (Xc )qe . By =Y¥G

N, 00 S (4.23)
-  w= 0 N.w

The element tangent stiffness matrix is defined as
Kr =K +Ky +Kgy (4.26)
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K, =[BID'BdQ, K, =[B[D'B,dQ, K, = [G'NGdO
Q Q Q

4.27)

L

B BN A B O
" " X Nx Nx o

B, =|B,|.B,=| 0|, N= "|,D'=|B D 0
B, 00 C

o

The nonlinear equation is presented similarly with (3.35).

Chapter 5 SQ4C ELEMENT

In the plate/shell studies with FSDT, a great concern is the appearance of
shear locking phenomenon as the thickness-to-span ratio of the structure
becomes too small due to shear strain energy being not removed. To overcome
this phenomenon, according to the authors Bathe and Dvorkin [10, 11], consider
the transverse shear strain as constant along the edges of the element as shown
in Figure 5.1. The transverse shear strain field is built through the 4 tying points
A, B, C and D according to the formulas

5 = %(1+ 7)ei® +%(1-77)g;‘<8>
1 1 (5.1)
& :E(1+ £)el® +E(1—§)sg<“>
in which &®, &®, £©, £® are the transverse shear strains calculated
directly through displacement approximation at the tying points.

n
& zconst
1.0 ()

£|(D)

SS
3 . -
§T I t g T g ¢
v ~5 ~9 5
Segn mn

&B)

85

— (1,-1)

(=1,-1)
€ =const

. Tying point

Figure 5.1: Tying positions for the

- Figure 5.2: The basis of defining virtual node 5
assumed transverse shear strains



n
(=1.1) (1,1)

€n(D)
g o ¢
— >
w w
€n(B)
(-1.-1) ) ! ) (1,=0)
< Tying point

Figure 5.3: Tying points corresponding to the four non-overlapping triangular domains

In addition, when analyzing a shell with a certain curvature and distorted mesh,
it is easy to lead to the membrane locking phenomenon because the element
used is a low-order quadrilateral element. To overcome this phenomenon,
according to the authors Ko and Lee [23, 24], divide the element domain at the
neutral surface into 4 sub-triangle domains as shown in Figure 5.2. Virtual node
5 is calculated through 4 areas “124”, “234”, “134” va “123”

1

3
1 A, [111 }1 - [1
- 1 [ -0
2A, +A,13 3 3 2A, +A,L3
The membrane strain field is built through the 4 tying points A, B, C and D
according to the formulas and Figure 5.3

B = (o0 4o 69 o)+ 2 (-6 +60) 5+ 5 (e o2 ) (55)

with &, &®, £© and & are membrane strains calculated through 4 sub-
triangle domains and located at 4 tying points A, B, C and D. It should be noted
that at virtual node 5 no auxiliary degrees of freedom are added. Combining the
technique of smoothed bending strains as shown in Figure 3.3, the SQ4C
element is formed on the basis of a combination of membrane, bending and
shear strains. The membrane strains are determined as
€, =Bq, (5.13)

with B, is related to B®, B®, B9 and BY of 4 sub-triangle domains. The

bending strains are given



& (xc) =By (xc)ay

0 Ni(x¢)n, 0
24: 0 N (x5 )n, IS
“lo N;(xS)n,  N;(x¢)n,
Ac is the area of the smoothing cell, x¢ is Gauss point, IS is the length of edge,
note that 2 is the number of smoothing cells. The transverse shear strains are
also established

1 (5.14)
A

o

& =By, (5.17)

g | % Ve N Nie BN, BEN;.

) X"l y,r] Ni,n bi21Ni,7] bIZZNi n
bt=&xt , B?=&yY , b =nxT , b =nyk (5.18)

fe{-1 11 -1}, pe{-1 -1 1 1
(iR.,R,)€{(1,B,A),(2,B,C),(3,D,C),(4.D,A)}
The global stiffness matrix is shown
K=K, +K,, +KI, +K, +K, (5.20)

K,=[ BlAB,dQ, K, =[ BIBBdQ, K,=][ BIDB,dQ= ZBTDBMAC
(5.21)

n =2, K, = BICBdQ
In the case of connecting with stiffeners, the SQ4C element is added a 6™
degree of freedom p, for each node according to [5, 48, 130-132]. Matrix K is

rewritten

w _ T [} T _
K, _jQBmABmdQ+ijb bdQ, y=G (5.25)
1
_EN”
1 _
b, = T2 Ni(§m)= (1+§|§)(1+,,i,7), i=1234 (5.26)

—%(in’y + Nyilx)— N

lezé(Yile_yikN ) Ny, =— (X N, - XikNm)v %=X =X, ¥i =Y~V

(5.27)
i=1,2,34;, m=i+4 I=m—1+4*f|oor(1/i); k=mod(m4)+1; j=1-4;
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P
X, 1

Figure 5.5: Description of a stiffened plate structure

Using Timoshenko beam theory to calculate stiffener. For general cases, we

consider a stiffener that is placed askew an angle a to x-axis as shown in Figure
5.5. The length of the stiffener element I is limited to the quadrilateral element
SQ4C and depending on the mesh of plate, h and t are the plate thickness and
the height of the stiffener, respectively. A local coordinate O’rsz having O’rs
plane coincides with the Oxy plane. We assume that the displacements of
stiffeners and plate are the same at the contact positions. The relationship
between the local coordinate and the global coordinate as well as the strains of

stiffener are presented

0

0
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r

s

™ .E £ £

o >

o
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—sina

0

0
0
0

0

A

o
or

sina
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0

0

0

I O O o

c

j o

@

(=

> =

0
0
1
0
0
0

0 0 Oflu
0 0 0}l v
0 0 0w
cosa sina 0|l B,
=sina cosa 0| B,
0 0 1|4
9 0 0 e2 0
or or
0 0 O 9 0
or
0 0 2 1 0
or
0 0 0 O 2
or

=Lu (5.28)
0
0
Lu=gpu (5.29)
0
0

e is the eccentricity between the mid-plane of plate and the centroid of beam.
By using the two-node isoparametric Timoshenko beam element to model the

stiffener

2
u= z NiStleqiSt
i-1

11

(5.30)



N =(1-¢)/2 and N;' =(1+¢&)/2 are the linear shape functions in natural
coordinates. The stiffness and geometric matrices are given as
K:t — J‘(saNst)TDstSaNstdl i K:tg :J(SONst)To_stsgNstdl (531)

le le

D* =diag(EA,,El,,5GA, /6,GJ), o :diag(Aﬂaf,(ls +e2&1)af) (5.33)
Ast is the cross-section area of stiffener, I, is the second moment of stiffener
cross-sectional area about an axis which goes through the centroid of the
stiffener and is parallel with the s-axis, J~ A;/40I, is St.Venant’s torsion
constant and 1, is the second moment of stiffener cross-sectional area about an
axis which goes through the centroid of the stiffener and is parallel with the r-
axis, besides, E, G are material constants.

Chapter 6 SQ4P ELEMENT
The Chebyshev polynomials of the first kind are defined by [31, 138, 139]
T,(x)=T,(cosd) = cos pg (6.1)
with -1<x=cosé<1 and
cos(p+1)6 =2cosécos pd—cos(p—1)6 (6.2)

From equations (6.1) and (6.2)
Tp+1(x)=2pr(x)—Tp71(x), p=012.. (6.3)
The polynomial T, (x), with p>2, vanishes at the points X defined by
x =—cos[(2i-1)z/2p], i=123.. < T,(x)=0 (6.4)
Attempting to approximate an unknown function f(x) based on Lagrangian
interpolation polynomial r'(x) through the known points (x,, f (x)) using
Chebyshev polynomials as follows

f(0~r()=Yat () and f(x)=r(x) (65)
Using the orthogonal property of Chebyshev polynomials on the interval [-1,1]
a = Zp: f (Xk)Ti (Xk)/zp:Tiz(Xk)

k=1

(6.6)

(=38 (1,06 T (0) T2 )}f (%)

=1i=0 j=1

k
Expressing x=cos(z/2p)¢&
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r ()= 3N (£)F (&) ©8)

One-dimensional shape function N (&) is defined by

p-1

NC™ (& {( (cos(/2p)& )T, (cos(z /2p)é ))/jzp;Tiz(cos(”/ZP)fj)}

i=0

(6.9)
& =—cos[(2i-1)z/2p]/cos(x/2p), i=12,.,p
For two-dimensional problems, the parameter space is defined by
(&m)e[-11]x[-11] (6.11)

So the shape function associated with node I(;,nj) in parameter space is
defined by

N7 (&) = NEF (E)NT™ () (6.12)
where N (&) is one-dimensional pi-order shape functions defined on the set
&e[-11] va N{™(zn) is one-dimensional p.-order shape functions defined on
the set 7e[-11]. Figure 6.1 shows the third-order and fourth-order shape
functions in 1D. The 4-node quadrilateral SQ4P element with 5 degrees of
freedom per node is built based on FSDT and Chebyshev polynomials. The
number of [(p1+1)(p2+1)-4] virtual nodes is added to the element domain as
depicted in Figures 6.2 & 6.3.

14 N1
[ 14 —n
12 N2 ]
N3 12 h4
1t ~ N N
\ o Ry 1 TN
08f // hN sl / ™
\ \
ost N ! \\
Tz Fa \ Sas} 4
& / N = \ \
o4y / \ oaf/
/ AN /N N /
02} \ 03 \ \
/ I . \ —
ey &
02 o S a2 = ~—
. . N " . . . . . , 0.4 . . . " " . " . N .
%408 08 04 02 0 02 0f o8 08 1 08 06 w4 02 0 02 04 06 06 |
1D 1D

Figure 6.1: Third-order and fourth-order shape functions in 1D
n A

LD (1.1)

&)

(=1,-1) (1.-1)
@ virtual node

Figure 6.2: Positive direction of Figure 6.3: SQ4P element in natural
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displacements coordinate system with p1=p>=3
The membrane, bending and shear strains can be obtained

&n (%) =B (Xc ). (6.18)
Che Che
NS© 0 0 0 0 .o NO°jo . 0 000
B,(x.)=| 0 N7 0 0 0 .. 0 Ny 0 00
Che Che Che Che
NS ONZT 00000 NGy NG O 0 Of (6.19)
T
qe:|:ui Vi W By ﬂyi:|
(i=1(pr+1)(p2+1))
& (Xc) =By (xc)a. (6.20)
000 NYF 0 .. 00 0 Ny 0
B,(x.)={0 00 0 N ..0 00 0 Ny (oat)y (6.21)
Che Che Che Che
0 0 0 N N7F¥ . 00 0 NFoo o Noo, (1) (0 1)
& (%) =B, (xc)q. (6.22)
B, (x.)=
0 0 NJ* N™ 0 . 00 Nty N 0 (6.23)
Che Che Che Che
00 Nl‘y 0 N, ... 00 N(pl,l)(pz+1),y 0 N(p1+1)(p2+1) 25y 1) (5 1)
The global stiffness matrix is presented
K = [B]AB,dQ + [B] BB,dQ+ [B[BB,dQ + [B]DB,dQ + [BICB.dQ (6.24)
Q Q Q Q Q

For shell structures, the in-plane rotational displacement component is added to
the local stiffness matrix. The null values of the stiffness corresponding to this
degree of freedom are assigned approximate values, usually 1073 times the
maximum diagonal value in the element stiffness matrix. In this thesis, the full
quadrature rule is implemented, so the number of Gaussian points used for each
element is (p1+1)(p2+1) and the corresponding total degrees of freedom for
each element is 5(p1+1)(p2t1), obviously 6(pi+1)(p2+1) for shell.

Chapter 7 ERROR ESTIMATES AMONG THE PROPOSED
ELEMENTS
An isotropic plate subjected to uniform load:

The square plate as shown in Figure 7.1 with two kinds of boundary
condition as simply supported (SSSS) and clamped (CCCC) under the change
of the length to thickness ratio a/h = 10, 100, 1000, 10000 is analyzed. It is

14



subjected to a uniformly distributed load q with material properties such as E =
1.092 Mpa and p = 0.3. The normalized central deflection is calculated by
W' = (100Eh*w,)/[1209a*(1-x)]. Comparison the results when using four
elements: SQ4H, SQ4T, SQ4C and SQ4P. The exact solution is referenced
from the literature [140] of the author Taylor et al.

e

[
Figure 7.1: A square plate under uniformly distributed load

Figures 7.2.a-h show the relative errors with 6 x 6, 8 x 8, 10 x 10, 12 x 12 and
14 x 14 meshes for (SSSS) and a/h = 10, 100, 1000 and 10000. Table 7.1
presents the normalized central deflection values obtained using four elements
of this thesis. It can be seen that the result obtained by the SQ4P element is the
best, followed by the result of the SQ4H element, and finally by the SQ4C and
SQAT elements. The content of the comment is completely similar to the
(CCCC) condition as shown in Table 7.2 and Figures 7.3.a-d. Especially in some
cases, the instability of the results obtained by the SQ4T element as shown in
Figure 7.2.a and Figure 7.3.a is related to the calculation through the supporting
domain of the considered element. A closer assessment of this issue can be
done in the future.
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Figure 7.2: The relative error of the normalized deflection of a (SSSS) square plate with a/h =
10, 100, 1000, 10000
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Figure 7.3: The relative error of the normalized deflection of a (CCCC) square plate with a/h =
10, 10000

Table 7.1: Comparison of the normalized central deflection of the (SSSS) square plate

W (SSSS)
Mesh 6x6 8x8 10x 10 12x12 14 x 14
alh =10
SQ4H 0.428705 0.428053 0.427756 0.427607 0.427517
SQ4T 0416173 0.422814 0.425944 0.427656 0.428687
sQ4ac 0.439931 0.434335 0431777 0.430397 0.429568
SQ4P 0.427287 0.427285 0.427284 0.427284 0.427284
a/h = 100
SQ4H 0.406833 0.406661 0.406582 0.40654 0.406515
SQ4T 0.392431 0.398544 0.401415 0.402984 0.403928
SQ4C 0.418631 0.413238 0.410774 0.409444 0.408646
SQ4P 0.406494 0.406459 0.406451 0.406448 0.406447
alh = 1000
SQ4H 0.406614 0.406447 0.40637 0.406329 0.406305
SQ4T 0.392193 0.398301 0.40117 0.402737 0.403680
SQ4C 0418418 0.413027 0.410564 0.409235 0.408436
SQ4P 0.406293 0.406254 0.406244 0.406241 0.406239
a/h = 10000
SQ4H 0.406612 0.406445 0.406368 0.406327 0.406303
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SQ4T 0.392191 0.398299 0.401167 0.402735 0.403678
SQ4C 0.418416 0.413025 0.410561 0.409233 0.408434
SQ4P 0.406291 0.406253 0.406242 0.406239 0.406237

Table 7.2: Comparison of the normalized central deflection of the (CCCC) square plate

w~ (Ccce)
Mesh 6 X6 8x8 10x 10 12x12 14x 14
a/h=10
SQ4H 0.149973 0.150578 0.150268 0.150302 0.150256
SQ4T 0.158590 0.154636 0.152279 0.150808 0.149836
SQ4C 0.161212 0.156231 0.153900 0.152630 0.151863
SQ4P 0.150448 0.150458 0.150461 0.150462 0.150462
a/h =100
SQ4H 0.126546 0.126640 0.126684 0.126716 0.126731
SQ4T 0.140491 0.135932 0.133233 0.131559 0.130452
SQ4C 0.139258 0.133919 0.131395 0.130004 0.129159
SQ4P 0.126763 0.126776 0.126781 0.126783 0.126784
a/h = 1000
SQ4H 0.126300 0.126382 0.126433 0.126461 0.126479
SQ4T 0.140306 0.135739 0.133036 0.131359 0.130251
SQ4C 0.139034 0.133691 0.131163 0.129770 0.128923
SQ4P 0.126510 0.126524 0.126530 0.126532 0.126533
a/h = 10000
SQ4H 0.126297 0.126379 0.126430 0.126459 0.126477
SQ4T 0.140304 0.135737 0.133034 0.131357 0.130249
SQ4C 0.139032 0.133688 0.131160 0.129768 0.128921
SQ4P 0.126508 0.126522 0.126527 0.126529 0.126531
Table 7.3: Comparison of the computational cost (s)
SSSS, a/h =10
14x 14 6 X6
SQ4H SQ4T SQ4C SQ4P SQ4P
(1575 dofs) (1125 dofs) (1125 dofs) (9245 dofs) (1805 dofs)
0.47674 s 11.2697 s 2.2078 s 81.9208 s 2.8599 s
SSSS, a/h = 10000
14x 14 6 X6
SQ4H SQ4T SQ4C SQ4P SQ4P
(1575 dofs) (1125 dofs) (1125 dofs) (9245 dofs) (1805 dofs)
0.47621 s 11.6926 s 2.7641 s 83.1269 s 2.9227 s
CCCC,ah =10
14x14 6Xx6
SQ4H SQ4T SQ4c SQ4P SQ4P
(1575 dofs) (1125 dofs) (1125 dofs) (9245 dofs) (1805 dofs)
0.7518 s 11.0411s 2.4872s 83.3733 s 2.9587 s
CCCC, a’h = 10000
14x14 6Xx6
SQ4H SQ4T SQ4c SQ4P SQ4P
(1575 dofs) (1125 dofs) (1125 dofs) (9245 dofs) (1805 dofs)
0.7202 s 11.3438 s 2.9373 s 83.7899 s 2.9251s

On the basis of a computer with Intel ® Core ™ i7 @ 2.80 GHz, 8.00GB RAM,

the comparison of computational costs among these elements is shown in Table

7.3. If based on the equivalent number of elements, it can be seen that the
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computational time in seconds (s) of the SQ4P element is the largest. However,
using p1=p2=3 for the SQ4P element makes the total number of degrees of
freedom (dofs) of this element much larger than the rest. The comparison based
on the approximate total number of dofs shows that the computational time of
the SQ4T element is the largest. This is also shown in Table 7.3.

Free vibration of an isotropic plate

In this section, the thesis deals with the free vibration analysis of thin (a/h =
200) and thick (a/h = 10) square plates with two boundary conditions: (SSSS)
and (CCCC). Material properties: E = 200 GPa, u = 0.3 and p = 8000 kg/m®,
The normalized first four frequencies o =[12a,,pa" (1- *)/ (Ehz)T/4 based on
four elements: SQ4H, SQAT, SQ4C and SQ4P with an 8x8 mesh are given in
Table 7.4 and Figure 7.4. These results are compared with the exact solutions
extracted from the paper of author Abbassian et al. [143]. Besides, the
computational time is also recorded among these elements with a total number
of degrees of freedom of approximately 1600 over the whole discrete domain.
Table 7.5 shows that the calculational time of the SQ4T element is still the

largest.
Table 7.4: Comparison of the normalized first four frequencies of an isotropic square plate
Mode a/h =10, (SSSS)
SQ4H SQ4T SQ4C SQ4P Exact
1 4.373 4.368 4.369 4.366 4.37
2 6.787 6.757 6.772 6.744 6.74
3 6.787 6.757 6.772 6.744 6.74
4 8.028 8.391 8.379 8.354 8.35
Mode a/h = 10, (CCCC)
SQ4H SQ4T SQ4C SQ4P Exact
1 5.726 5.738 5.715 5.703 571
2 7.960 7.991 7.932 7.876 7.88
3 7.960 7.991 7.932 7.876 7.88
4 9.414 9.533 9.378 9.325 9.33
Mode a/h = 200, (SSSS)
SQ4H SQ4T SQ4C SQ4P Exact
1 4.450 4.455 4.445 4.443 4.443
2 7.074 7.074 7.055 7.025 7.025
3 7.074 7.074 7.055 7.025 7.025
4 8.948 8.987 8.909 8.885 8.886
Mode a/h = 200, (CCCC)
SQ4H SQ4T SQ4C SQ4P Exact
1 6.024 5.986 6.000 5.998 5.999
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2 8.671 8.576 8.610 8.567 8.568
3 8.671 8.576 8.610 8.567 8.568
4 10.522 10.451 10.419 10.403 10.407
11 10
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Figure 7.4: Comparison of the normalized first four frequencies

An isotropic spherical shell subjected to uniform load
A simply supported spherical shell under uniformly distributed load g as shown
in Figure 7.5 is analyzed. The central deflection is compared with the other
results from literature. Some characteristics: a = 32, R =96, h = 0.32, E = 10/,
pu=0.3and g =100. Only one quadrant of the shell is analysed with 8 x 8, 12 x
12 and 16 x 16 meshes using SQ4H, SQ4T, SQ4C and SQ4P elements. Table 7.6
shows the results obtained by applying four elements, SQ4H, SQ4T, SQ4C and
SQ4P and shows the reference results from [6] of the author Darilmaz et al.,
[144] of author Kumbasar et al. and [119] of author Reddly.

Table 7.5: Comparison of the computational cost (s)

4

SSSS, a/h = 10, = 1600 dofs

SQ4H SQ4T SQ4c SQ4P
19.4063 s 30.2069 s 17.1924 s 10.6400 s
CCCC, a/h = 10, = 1600 dofs
SQ4H SQ4T SQ4C SQ4P
13.3436 5 27.0411s 13.9900 s 10.3403 s
$SSS, a/h = 200, = 1600 dofs
SQ4H SQ4T SQ4C SQ4P
18.2277 s 30.4165 s 16.7336 s 10.3201 s
CCCC, a/h = 200, = 1600 dofs
SQ4H SQ4T SQ4c SQ4P
12,3259 s 26.2291 s 13.6833 5 10.1188 s

According to Table 7.6, when compared with the analytic solution given by
author Reddy, the results obtained by 3 elements, SQ4T, SQ4C and SQ4P,
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follow the lower bound trend in which the best result is of the SQ4P element.
With the SQ4T element, the error results are much related to the process of
determining the supporting domain surrounding the considered element,
especially for the double curved shell structure, leading to complexity in the
calculation of the stiffness matrix. In addition, the results obtained by the
SQ4H element follow the upper bound trend as shown in Table 7.6.

R y
f .
o}
Figure 7.5: An isotropic spherical shell

Table 7.6: Comparison of the central deflection

Comparison Mesh w
SQ4H 8x8 0.3299
12x12 0.3269
16 x 16 0.3236
SQ4T 8x8 0.2699
12x 12 0.2744
16 x 16 0.2824
8x8 0.3108
SQ4C 12x 12 0.3124
16 x 16 0.3129
8x8 0.3129
SQ4pP 12x12 0.3131
16 x 16 0.3132
HBQ8 [6] 0.3104
KUMBA [144] 0.3304
Analytic (Reddy) [119] 0.3138

Chapter8  CONCLUSIONS AND FUTURE WORKS

In this thesis, the group of SQ4H, SQAT, SQ4C and SQ4P elements are
established to analyze the plate/shell structures. Specifically, the SQ4H element
is formed based on cell-based strain smoothing enhancement combined with
the type of CO-HSDT, the SQA4T element is related to the twice interpolation
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strategy, the SQ4C element is based on the combined strain strategy with
respect to overcoming membrane locking as well as shear locking phenomenon
and using cell-based strain smoothing enhancement and the SQ4P element is
built based on the outstanding properties of Chebyshev polynomials. The
results of the current study include:

SQ4H element for nonlinear analysis of plate and folded plate structures.
This element improves model accuracy and reduces humerical instability for
geometrically nonlinear analysis.

SQAT element for analysis of laminated composite or functionally graded
plate and shell structures. By establishing high-order shape functions that
take into account the influence of the group of neighboring nodes on the
considering element, this element improves the discontinuity of its strain
and stress across its boundaries.

SQ4C element for analysis of plate and shell structures with or without
stiffeners. This element improves model accuracy and reduces numerical
instability associated with membrane locking when analyzing shell
structures.

SQ4P element for analysis of functionally graded porous plates/shells
reinforced by graphene platelets. Improved numerical results based on the
mesh and the order of Chebyshev polynomials.

The elements are established from the equivalent single layer (ESL) theory,
SO it is easy to adjust the material characteristics from isotropic materials to
laminated composite materials, etc.

The membrane, bending, shear and geometric stiffness matrices are all
established from which to determine the global stiffness matrix. Especially
with SQ4H and SQ4C elements, the calculation of the bending and
geometric stiffness matrices are integrated along the boundary of the
smoothing domains instead of over the element surfaces like traditional
techniques.
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o All elements overcome the phenomenon of shear locking, membrane
locking, especially overcoming the hourglass phenomenon (also known as
spurious zero energy modes) when analyzing free vibration.

e The elements each have their pros and cons in relation to the way they are
set up, but subjectively they can be considered as simple quadrilateral
elements in application.

¢ Due to the comparison of the thesis's results based on SQ4H, SQ4T, SQ4C
and SQ4P elements with results extracted from reputable and reliable
literature, these elements should be extended in the future.

Based on the established and verified processes, SQ4H, SQ4T, SQ4C and
SQ4P elements can be used for further development in the following
directions as below:

o Deeper technical improvement, application of more modern
calculation tools, more reasonable computational theoretical
transformation.

e More closely evaluate the properties of the proposed elements'
calculation methods, such as: convergence rate, simplicity in
meshing, compatibility and stability of numerical results, as well as
computational costs.

In addition, the proposed elements can be continued to expand the scope of
numerical analysis for other mechanical problems such as:

e Linear and nonlinear analysis of composite structures with integrated
piezoelectric layers.

e Linear and nonlinear analysis of porous plate/shell structures.

e  Fluid-structure interaction, ...

e  Study of the behaviors of plate/shell structures under hygro—thermo—
mechanical loads..

e Analysis of microstructures based on combination with nonlocal
elastic theory.

e Elasto-plastic analysis of composite structures.

« Materially nonlinear analysis.
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